Determining the Trajectory of a Mobile Robot Using Chaotic Dynamical Systems
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Abstract—The research introduces a methodology for identifying the primary parameters necessary for the trajectory construction of a mobile robot, utilizing chaotic, dynamic systems. This enhances the ergodicity and adaptability of movement in a dynamic context. The suggested mathematical model integrates the production of chaotic sequences to establish reference points and algorithms for their localized tracking, considering safety limitations, including the regulation of barrier functions. The numerical simulations demonstrated the method's efficacy in circumventing local minima and achieving uniform workspace coverage while preserving movement stability. This facilitates the formulation of paths that consider unforeseen impediments and enhances the resilience of control algorithms against external disturbances. Simultaneously, it has been demonstrated that chaotic models are advantageous for developing nonlinear adaptive trajectories in intricate contexts where traditional methods exhibit constrained efficacy. Consequently, the suggested methodology ensures precise positioning and secure interaction with other agents within the Industry 5.0 context.
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Introduction
In contemporary autonomous system development, trajectory planning approaches for mobile robots that can operate efficiently in dynamic and uncertain situations have become particularly significant [1-5]. Conventional algorithms utilizing deterministic or probabilistic methods frequently exhibit inadequate adaptability in scenarios characterized by high spatial complexity or multiple local minima, resulting in diminished goal search efficacy and prolonged task execution times [6-10]. The application of chaotic dynamic systems in trajectory construction enhances the ergodicity, unpredictability, and adaptability of robotic movement [11, 12]. Chaotic systems exhibit sensitivity to initial conditions and intricate attractor topology, enabling the generation of paths with significant variety while preserving structure [13-15]. This aspect is particularly pertinent in situations requiring the avoidance of redundant trajectories, the minimization of entrapment risk, and the assurance of comprehensive coverage of the operational area. The integration of chaotic processes with contemporary control algorithms establishes the foundation for the development of intelligent systems capable of rapidly adapting to fluctuating environments and efficiently interacting with other agents within the framework of Industry 5.0 [10, 16]. 
The work of Y. Tang, M. A. Zakaria, and M. Younas presents a review of contemporary trends in trajectory construction for autonomous mobile robots, emphasizing optimization methods, heuristic algorithms, and machine learning techniques, facilitating effective navigation in intricate dynamic environments [17]. This research on trajectory construction utilizing chaotic dynamical systems can facilitate a comparative analysis of the efficacy of conventional methods vs. non-standard methodologies. Nevertheless, these investigations neglect the ergodicity of motion, a crucial aspect for chaotic models. The study by J. Chen, L. Xu, H. Ebel, and P. Eberhard presents an online optimization technique for trajectory construction in cooperative landing tasks, achieving high synchronization accuracy and minimizing mistakes [18]. This methodology is beneficial for examining the integration of chaotic systems with predictive algorithms; however, it does not concentrate on chaotic or stochastic elements, hence constraining its use in high-entropy settings. The research conducted by J. Lai, Z. Wu, Z. Ren, Q. Tan, and S. Xie introduces a reinforcement learning approach for trajectory construction utilizing Lyapunov functions, facilitating stability and safe obstacle evasion [19]. This method can integrate chaotic models with adaptive learning; nevertheless, it lacks mechanisms for producing ergodic or stochastic trajectories. 
B. Li, Z. Ji, Z. Zhao, and C. Yang devised an integration of Model Predictive Control (MPC) and terminal sliding mode techniques for the obstacle avoidance control of a mobile robot [20]. This method can be enhanced using chaotic sequences to optimize the search for global minima; nonetheless, it is fundamentally rooted in tight determinism, which contradicts the essence of chaos. The work [21] examines a modification of the BRRT and A\(H-BRRT) algorithms for constructing mobile robot routes, enhancing the efficiency of optimal pathfinding in intricate topologies. This work facilitates the comparison of deterministic algorithms with chaotic trajectories; nonetheless, the proposed method excludes stochastic or chaotic elements. 
S. Azubairi, A. Petunin, H. L. Alwan, M. M. Msallam, and A. Humaidi introduced a methodology for the dynamic processing of two-dimensional maps for trajectory planning, facilitating swift adaptation to environmental alterations [22]. This methodology is beneficial for adapting chaotic models to evolving maps; nevertheless, it is tailored for structured contexts and neglects dynamic chaos. B. Derajić, M. K. Bouzidi, S. Bernhard, and W. Hönig introduced the training of maximum safe sets utilizing hypernetworks for local trajectory planning grounded in Model Predictive Control (MPC) [23]. This approach can be partially integrated with chaotic models to ensure safety; nevertheless, it is unsuitable for producing ergodic trajectories. 
H. N. Le, M. K. Pham, D. H. Pham, and T. V. A. Nguyen proposed a hierarchical and sliding control methodology for the stabilization of a two-wheeled mobile robot, facilitating efficient position and velocity regulation [24]. This method can be employed for stabilization following a chaotic trajectory in chaotic systems; however, it does not concentrate on chaos formation. T. Liu, H. Zhong, J. Hu, and T. Zhang introduced the SafeMove-RL framework for reinforcement learning that ensures safety under dynamic restrictions [25].This strategy is intriguing for integration into chaotic systems; nevertheless, the emphasis is on secure operation rather than the ergodicity of the motion. 
A. K. Aijazi and P. Checchin devised a methodology for creating dynamic 3D maps to facilitate trajectory planning for ground vehicles utilizing LiDAR [26]. The proposed approach is beneficial for the research issue concerning chaotic models in three-dimensional space; yet, it does not inherently generate chaotic motion. Concurrently, E. Villalba-Aguilera, J. Blesa, and P. Ponsa examined model-predictive control for the tracking of position and orientation of a three-wheeled robot inside a multi-level framework [27]. This method exemplifies a traditional approach characterized by excellent precision; however, it lacks a stochastic or chaotic element. 
The analysis indicates that contemporary research predominantly centers on predictive algorithms, reinforcement learning, and deterministic optimization techniques, while the application of chaotic dynamical systems for trajectory design remains largely unexamined. This validates the significance of the suggested approach, as chaotic models demonstrate greater ergodicity, flexibility, and adaptability in intricate and uncertain contexts.
Proposed Mathematical Model  
Consider a mobile robot operating on a plane with unicycle kinematics, recognized obstacles, and a designated goal region. A global trajectory, or set of waypoints, must be produced via a chaotic generator and thereafter monitored locally with a stable controller that ensures safety guarantees [28].
Thus, the robot model can be described by the state x(t)= and the control :
	, ,  ,
	(1)


where:  – robot coordinates;  – heading [radians];  – linear velocity [m/s];  – angular velocity [rad/s].
Limitations of control influences: , .
Chaotic systems have ergodicity, sensitivity to initial conditions, and complex attractors, which is well suited for pseudo-random but structured space coverage (search/scanning, deterministic trap avoidance) [29].
The mathematical representation of chaos in trajectory planning has the following definition sequence:
– chaotic waypoints (global coverage). Let the working field be . Take  from 2D chaos (e.g. Tent/logistic cascade) and project:
	,
	(2)

	.
	


We obtain a sequence of reference points . To approach the target , we use the potential weight:
	, 
	(3)



and choose the next waypoint as the weighted value argmin:
	,  ,
	(4)


where:  – “smart” choice;  – penalty for proximity to obstacles; ;
– chaotic control perturbations (local “unpredictability”) [30]. The basic tracking controller receives an additional small “chaotic” signal:
	,  ,
	(5)


where:  – zero-mean chaotic sequences after normalization (with subtraction of the mean and division by the range);  – amplitudes (small positive numbers).
In classical sampling planners of the RRT/PRM type [31], we replace the uniform sampler with a chaotic one . This preserves the stochastic advantages, but often “reveals” the complex geometry of the environment more quickly.
Let us describe the obstacles in terms of barrier functions [32]. Let the obstacle be . Let us define the barrier:
	,  ,
	(6)



where:  – vector of the current position of the mobile robot in space;  – vector of coordinates of the center of the  -th obstacle;  – Euclidean distance between the robot and the center of the obstacle;  – radius of the  -th obstacle;  – safety margin, which is added to the size of the obstacle to guarantee the safe passage of the robot;  – square of the expanded radius of the obstacle taking into account the margin;  – value of the barrier function, which shows whether the robot is in the safe zone. Under the condition , the robot is outside the dangerous zone (further from the obstacle than the radius + margin), if  then the robot is on the edge of danger, and if , the robot is already in the dangerous zone.
Function 6 is used in Control Barrier Functions (CBF) or in optimization methods to ensure that the safety condition is not violated during robot movement.
	,
	(7)


where: ;  – unicycle.
Implementation via QP (quadratic programming) [33] over the basic control  :
	,
	(8)

	,  ,
	

	,  ,
	


where:  – vector of robot control signals,  – linear speed of the robot [m/s] and w – angular speed of the robot [rad/s],  – desired (nominal) control, which is determined by the algorithm for constructing a trajectory without taking into account obstacles (for example, from a chaotic system or another planner);  – gradient of the barrier function relative to the robot coordinates ;  – current course (robot orientation angle);  – exponential stabilization coefficient;   – parameter that determines how aggressively the robot should avoid obstacles. The constraint ensures that the barrier function does not decrease too quickly, and the robot remains in the safe zone.
To track waypoints (local controller), a classic stabilizer (Kanayama-like) is used [34]:
	,
	(9)

	,
	


where:   – distance from the current position of the robot to the target point;  – angular error of the robot’s orientation relative to the direction to the target point; ;  – correction factor that reduces the speed at large angular errors;  – proportionality coefficient that determines how aggressively the robot reduces the position error;   – coefficient that regulates the influence of the main angular error on the angular velocity;  – takes into account the sign and magnitude of the deviation for smooth correction;  – normalization function for small angles, which ensures stability when ;  – coefficient that affects the nonlinear part of the stabilizer to compensate for large angular deviations.
Generalized Simulation Procedure
The general algorithm of the program for numerical simulation of the trajectory construction of a mobile robot using chaotic dynamic systems is determined by the following sequence of actions:
1. Chaos generation. The sequence  is created.
2. Mapping in the space  with normalization to . 
3. Waypoint selection.  is minimized and those that violate the barriers  are discarded.
4. Local tracking. Kanayama + CBF-QP.
5. Chaotic disturbances. Small complement to  from normalized chaotic signals.
6. Visualization of results. Graphs are constructed using the matplotlib library.
The suggested technique exhibits significant flexibility for environmental fluctuations through the utilization of chaotic, dynamic systems. Simultaneously, it facilitates the avoidance of local minima during trajectory construction. The suggested method also exhibits ergodicity of movement, facilitating uniform coverage of the operational space while maintaining control stability. The method enhances movement safety and diminishes collision probabilities with obstacles by integrating chaotic models with barrier functions, all while preserving efficiency in intricate navigation contexts. 
	The Python environment was selected for the implementation of numerical modeling for the trajectory construction of a mobile robot using chaotic dynamical systems. This is substantiated by the adaptability of the Python ecosystem and an extensive array of tools for scientific computation. The Python environment boasts robust libraries, including NumPy, SciPy, and SymPy, which facilitate efficient matrix operations, numerical methods, and symbolic computations for the implementation of chaotic systems and trajectory design algorithms [35-37]. The utilization of the Matplotlib and Plotly libraries facilitates rapid visualization of findings and analysis of the behavior of Lorentz, Chua, or other chaotic models within the state space and trajectory plane [38]. Furthermore, the Python environment is cross-platform and facilitates integration with ROS, hence streamlining the deployment of the model to a physical robotic system [39, 40]. The straightforward syntax accelerates development and enhances clarity, which is particularly crucial during the research and testing phases of intricate nonlinear dynamic models.
Results and Discussion
Analysis of the phase portrait of the Lorentz system
	The objective of the initial experiment is to demonstrate the chaotic characteristics of the dynamic system employed to produce unpredictable yet deterministic trajectories. This enables a visual evaluation of the system's complexity and multidimensional behavior, which directly influences the algorithm's capacity to generate adaptive paths for the robot. Figure 1 illustrates the outcomes of the various simulations.
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	Fig. 1. Phase portrait of the Lorentz system



	The phase portrait of the Lorenz system (Fig. 1) exhibits chaotic behavior characterized by a classic "butterfly" structure comprising two attractors. The graph indicates that the trajectories do not collide and create dense spirals inside the coordinate regions approximately defined by  and . The greatest oscillation amplitudes are approximately  and , indicating significant variability within the system. The system fails to converge to a fixed point, perpetually altering its state, and affirming its chaotic nature. The results acquired are significant for the challenge of designing a robot trajectory, as chaotic dynamics facilitate the creation of unpredictable yet controllable trajectories, hence enhancing adaptability in a dynamic environment. Consequently, the behavior of the attractor ensures path diversity while restricting movement to a confined area, which is essential for safety and the optimization of spatial planning.
Research on the evolution of coordinates  over time
	The objective of the second experiment is to ascertain the suitability of examining the temporal dynamics of alterations in the states of a chaotic system and the stability of its oscillations. This study elucidates the alterations in control signals throughout movement and evaluates the system's diversity in generating complex trajectories. Figures 2 through 4 illustrate the acquired modeling results.
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	Fig. 2. Evolution of states of chaotic system (Variable )



	[image: ]

	Fig. 3. Evolution of states of chaotic system (Variable )
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	Fig. 4. Evolution of states of chaotic system (Variable )



	The evolution graph of the chaotic system's states (Fig. 2–Fig. 4) illustrates the temporal variation of the coordinates  and  for the Lorentz system. A distinct nonlinearity is evident: the variable  (blue line) exhibits the most extensive range of oscillations, generally from  to , signifying its predominant impact on the system's dynamics. The variable  (red line) oscillates between [−20;20], while  (green line) spans around [−25;30]. The lack of consistent amplitudes indicates the chaotic nature of the process. Periods of amplitude development and decline are visually discernible, indicating the presence of quasi-periodic regimes within the chaos. Quantitative metrics validate a pronounced sensitivity to initial conditions, and considerable variability in coordinate values facilitates the application of this model for optimizing robotic trajectories in situations characterized by movement unpredictability.
Analysis of the constructed trajectory of a mobile robot on a 2D map
	The objective of the third experiment is to examine the robot's movement trajectory within the workspace, considering the provided chaotic signals. This enables us to evaluate the configuration and smoothness of the trajectory, verify the absence of undesirable oscillations, and ascertain the extent to which the path adheres to safety and efficiency standards. The simulation results obtained are illustrated in Fig. 5.
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	Рис. 5. Mobile robot trajectory



	The trajectory graph of the mobile robot illustrates its movement from the initial coordinates  to the final coordinates , indicating a substantial displacement exceeding 300 m along the trajectory. The primary trajectory of movement is diagonal with minor deviations, evident as localized loop-like segments, indicating noise in the control system or adjustments from the navigation algorithm. The mean deviation from the optimal diagonal is approximately 1.5–3 m, while the largest local loops extend to about 5–7 m. The existence of the initial green marker and the concluding red marker verifies the accurate execution of the path without substantial deviation. The results indicate the robustness of the positioning algorithm over extensive movement distances, which is crucial for applications in production settings and Industry 5.0 contexts, where precision is essential amid dynamic environmental changes.
Research on the speed of a mobile robot
	The objective of the fourth experiment is to examine the variation in the robot's velocity during motion and the stability of its dynamics. This assists in identifying any abrupt fluctuations in speed that may suggest system instability, as well as evaluating the fluidity of movement to guarantee safe interaction with individuals. Fig. 6 illustrates the simulation results obtained.
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	Рис. 6. Mobile robot speed



	The examination of the mobile robot speed graph (Fig. 6) indicates that the average speed is approximately 23–25 m/s, reflecting a stable movement mode over the majority of the modeling phases. Periodic reductions in speed to levels of 10–15 m/s are noted, with some instances reaching minimal values of approximately 2–3 m/s, potentially indicating the impact of impediments or alterations in control signals within the dynamic environment. The highest recorded value is approximately 27 m/s, indicating the occurrence of strong accelerations when adjusting to new trajectory locations. Notwithstanding the variations, the primary speed range persists between 21 and 26 m/s, signifying the efficacy of the implemented chaotic algorithm in sustaining elevated speeds during maneuvering. The results demonstrate the robust, dynamic stability of the system and the feasibility of employing such methods in situations requiring rapid responses to environmental changes with minimal latency.
Conclusion
	The study showed how using chaotic dynamic systems can effectively determine the trajectory of a mobile robot, thereby ensuring its adaptability to a changing environment. The analysis of the chaotic system's state evolution demonstrated distinctive variations in the , , and  coordinates, ranging from -30 to 50 units, so confirming the system's strong sensitivity to initial conditions and the complexity of trajectory forecasting. This aspect enables the formulation of pathways that consider unforeseen impediments and enhances the robustness of control algorithms against external disturbances. 
	The robot motion graph validated the accuracy of the mathematical model implementation, since the initial movement point was near (0,0) and the final point was around (220, 200), indicating a considerable distance covered with minimum deviation. Notwithstanding the occurrence of small oscillations and loops with amplitudes of 5–7 m, the overall trajectory adhered closely to the principal line of motion, demonstrating the efficacy of the navigation system grounded in chaotic dynamics. The mean deviation ranged from 1.5 to 3 meters, which is an acceptable metric for systems where collision avoidance and trajectory distribution across multiple agents are critical. 
	The results obtained affirm that chaotic models can effectively facilitate the construction of nonlinear adaptive trajectories in complicated contexts where traditional methods exhibit limited efficacy. Subsequent research should concentrate on the amalgamation of chaotic models with machine learning techniques and optimization strategies for trajectory prediction, alongside the creation of control systems that integrate chaotic signals with a sensor network to guarantee high positioning precision and secure interaction with other agents in the Industry 5.0 context.
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