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[bookmark: _GoBack]Abstract—The creation of a stochastic model for collaborative robot interaction in a production setting with POMDP seeks to examine the influence of uncertainty on decision-making during robot collaboration. The model considers the restricted observations, the stochastic characteristics of state transitions, and the necessity to optimize actions based on the reward function. The simulations enabled the evaluation of the relationship between total and instantaneous rewards, model parameters, and interference levels, mirroring actual production settings. The results collected validate that the implementation of POMDP offers flexibility and adaptability to the system in response to varying scenarios and conditions. The study of the data revealed the impact of weight coefficients in the reward function on the equilibrium between productivity and safety, enabling the formulation of various interaction techniques. Simulations revealed the stability of average outcomes and the model's suitability for optimizing robotic behavior in a complex environment. The proposed method can be integrated with neural network techniques and planning algorithms that utilize the states of the production environment to enhance decision-making accuracy and efficiency. The proposed model serves as a foundation for subsequent research focused on multi-level scenarios and human-robot interaction within the context of the Industry 5.0 idea.
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Introduction
Industry 5.0 introduces new requirements for secure and effective human-robot collaboration in dynamic industrial settings characterized by inherent uncertainty. The partial observability of shop floor conditions, erratic sensor data, and stochastic disruptions in motion and task execution render conventional deterministic methods inadequate for real-time decision-making [8-11]. The POMDP (Partially Observable Markov Decision Process) model offers a formal framework for optimizing robotic behavior in the presence of imperfect knowledge, integrating the assessment of concealed states with the selection of actions that enhance performance and mitigate risks [12-14]. The application of a stochastic formulation enables the consideration of random order arrivals, resource conflicts, and varying human paths, while ensuring safety and ergonomic standards are upheld. Simulating this model validates control strategies prior to implementation on actual equipment, thereby minimizing costs and operational hazards. Computational experiments in Python enhance repeatability, scalability, and swift repetition of filtering and planning algorithms. 
The significance of the research stems from the necessity for standardized methodologies in multisensory coordination and decision-making within mixed teams of robots and humans. The anticipated outcome is an approach that enhances end-to-end productivity, complies with safety regulations, and adjusts to unpredictability without manual reconfiguration.
The study by Y. Liu, F. Guo, and Y. Ma proposes a Stackelberg trust-based framework for human-robot interaction concerning order placement [15]. This design establishes a hierarchical game that considers trust and operator strategies, so enhancing the reliability of collaborative efforts in the logistics process [15]. From the perspective of this research, it is prudent to utilize it solely as a superstructure above POMDP for modeling "soft" aspects, such as trust as a latent state or a component of reward. The absence of explicit belief dynamics in the context of non-probabilistic partial observability constrains the direct transfer of the game environment. 
The research conducted by Y. Zhang, K. Ding, J. Wang, and J. Hui examined the prediction of analogous human actions and the reactive decision-making capabilities of a robot in collaborative assembly amidst uncertainties, thereby facilitating the reduction of manual operation delays and enhancing movement synchronization [16]. Nevertheless, in a specific issue formulation, it is advisable to incorporate the proposed predictor into the observational model  as a subsystem for intention prediction. Nonetheless, in the absence of direct embedding in POMDP, such a policy for addressing the issue fails to optimize the shared objective under conditions of partial observability. S. V. Deshpande, R. Harikrishnan, and R. Walambe introduced a POMDP-based probabilistic path planning method for a wheeled mobile robot, offering a formal framework for action selection amid measurement uncertainties, interference, and stochastic dynamics [17]. This method can serve as a foundation for establishing a novel model of transitions and observations, broadening its application to multitasking, multisensory integration, and human collaboration. The constraint lies in the emphasis on individual tasks devoid of collaborative efforts.
	A study by P. S. Suresh, S. Jain, P. Doshi, and D. Romeres examines an open Human-Robot Collaboration (HRC) framework utilizing decentralized feedback reinforcement learning, enabling the recovery of rewards for human partners and coordination of tasks without a centralized controller [18]. This is beneficial for identifying the reward function for POMDP/Dec-POMDP, but direct application without accounting for the security constraints of CPOMDP may result in overly severe policies in situations involving random interference. Y. You, V. Thomas, F. Colas, R. Skilton, and O. Buffet propose an online robust scheduling method for HRC that enhances resilience against unknown models and real-time disturbances [19]. This solution is suitable for use as strong approximations in belief-state scheduling, but, without integration with incentive structure and risk limitations, adherence to production standards cannot be assured.
	An adaptive safety-critical control system featuring a "variable task energy tank" for dynamic environments is created in [20], offering physically substantiated safety barriers and averting hazardous conditions. Within the framework of the proposed study, this methodology should function as a "shielding" mechanism for the control layer in CPOMDP, rather than as an autonomous high-level policy, as it fails to address the optimization problem under conditions of partial observability. W. Chen, Y. Jing, S. Zhao, L. Yan, Q. Liu, and Z. He developed a distributed navigation strategy for two robots utilizing an adaptive extended Kalman filter and model-predictive control for GNSS/INS, enhancing localization accuracy and trajectory consistency [21]. This solution is beneficial for developing the observational model  and enhancing state estimation in belief-online updates. However, without explicit interaction with the POMDP, the system fails to achieve joint optimization of tasks and security. In the study, R. Tiwari, A. Srinivaas, and R. K. Velamati suggested adaptive navigation for collaborative robots utilizing reinforcement learning and sensory fusion, enhancing adaptability and performance under varying settings [22]. This approach is also worth contemplating as a means to acquire policies or approximate values in the proposed POMDP; however, the absence of explicit management of state and risk limitations poses a danger of security deterioration. J. Zhang, M. Liu, and L. Jin offer a cost-effective logistic adaptive controller for multi-robot systems that enhances stability and diminishes communication overhead [23]. This model is suitable as a low-level controller governed by a high-level POMDP policy in the new method. Nonetheless, it does not independently consider partial observability and strategic reward trade-offs.
	The research conducted by S. Cai, P. Xie, G. Li, and L. Xie proposes a compensatory-corrective adaptive technique for upper limb rehabilitation robots, ensuring precise trajectory tracking amidst uncertainty [24]. This paper offers valuable insights for the reliable execution of tasks at the manipulator level. Nonetheless, the domain differs, and without adaptation for collaborative production with humans and multi-robot coordination, direct application remains constrained. The work by S. Ayankoso, F. Gu, H. Louadah, H. Fahham, and A. Ball discusses an AI-based system for monitoring collaborative robots, incorporating anomaly detection and adaptability to trajectory alterations, thereby enhancing production readiness and reliability [25]. This solution is also recommended for integration into POMDP as a means of dynamically altering transition models and observations in the presence of anomalies, but without a connection to the reward function and policy, it remains outside the realm of optimum decision-making.
	In summary, the examined works enhance the POMDP framework of the proposed research by incorporating elements of trust, robust online planning, state estimation, sensory fusion, reinforcement learning, and safety-critical control and monitoring. This establishes the foundation for secure and efficient HRC in fluctuating settings. POMDP/CPOMDP offers the essential formalization of partial observability and multi-criteria optimization, underscoring the necessity and significance of continued study in this area.	
Proposed Mathematical Model  
	A POMDP in collaborative robotics is a mathematical framework for decision-making under uncertainty, wherein the state of the production environment and the positions of objects are only partially observable due to limited and uncertain sensory data [26-28]. This approach facilitates the construction of probabilistic estimates for concealed factors and the selection of actions that optimize predicted rewards while considering safety, productivity, and human comfort. The application of POMDP offers adaptability and flexibility in complex dynamical situations when direct identification of states is infeasible or unreliable. This study proposes the following POMDP model:
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where:  – the full (hidden) state of the workshop at step . An example of such factorization could be the following:
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	(2)



where:  – location/speed of the  -th robot;  – queue and state of tasks to be solved;  – location of the person;  – states of machines;  – occupancy of zones;
 – a set of commands (for example, move, pick, place, wait, handover, charge, move, pick, place, wait, handover, charge);
 – transition, is described by the following model:

	.
	(3)



Model (3) describes the probability of the system transitioning from state  to state  under the action of a selected action . Here  denotes the current state of the collaborative robot and the production environment, which includes its position, speed, task status, and the presence of obstacles. The parameter  reflects the action that the robot performs at this step, such as movement, manipulation, or communication. State  determines the next configuration of the system, which is formed as a result of the selected action and the influence of random factors. Thus,  models the stochasticity of the process, taking into account the uncertainty of the dynamics, the uncertainty of the sensors during the action of disturbances and possible unpredictable changes in the environment. Thus, such a model is a key element in determining how the actions of robots affect the future states of the system and what risks arise when performing tasks;
 – a set of observations that reflects possible data from sensors with which the robot assesses the state of the system (cameras, ultrasound);
 – an observation model that describes the probability of obtaining a specific observation for a given state and action, taking into account sensor errors:

	,
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The  model describes the probability of receiving a sensor measurement  given that the system is in state  after performing action . The variable  is the actual sensor observation, which is calculated through the function , which models the ideal (without interference) mapping of the state into the measured quantity. Additionally, the influence of interference , which is normally distributed , where  is the covariance matrix of sensor errors, which specifies the level of measurement uncertainty;
 – a reward function that determines the value or penalty for a certain state or action, taking into account performance, safety, and energy efficiency criteria:

	,
	(5)



where:  – reflects the system’s productivity, i.e. the number of completed tasks or the speed of processing operations, and is weighted by a coefficient , which stimulates efficiency;  – shows the delay in completing tasks or exceeding deadlines, and the coefficient  determines the level of penalty for time loss;  – characterizes the energy consumption of robots when performing an action, and the multiplier  regulates the weight of energy efficiency in the overall assessment;  – describes the level of danger to humans or equipment arising from proximity, excessive speed, or potential emergency situations, and the coefficient  imposes a penalty for safety violations;  – takes into account actual or potential collisions between robots or with environmental objects, and the coefficient  sets the criticality of collision avoidance. Taken together, this function balances productivity and safety, allowing the robot to make optimal decisions under conditions of uncertainty;
 – a discount rate that sets the relative weight of future rewards compared to current ones, adjusting the balance between short-term benefit and long-term efficiency.
Based on the above, the objective reward function (maximization of the total amount) is as follows [29]:

	
	(6)



where: is the function of the instantaneous reward or penalty for the action performed in a specific state, taking into account productivity, energy consumption, delays and security risks;  is the policy of actions for a certain scenario;  is the simulation horizon;  is the mathematical expectation operator that takes into account the stochasticity of the environment and the randomness of the choice of actions, determining the average expected result for a given policy ().
Incorporating safety as a constraint inside the POMDP model is essential to guarantee that collaborative robots make decisions that prioritize not only productivity but also the mitigation of hazards to individuals, equipment, and the manufacturing process itself [30-32]. This facilitates the establishment of an action strategy that ensures adherence to essential limitations, even under uncertainty and incomplete environmental observability.

	, ,
	(7)



where:  – costs for violation of human zones, speeding, dangerous approaches, etc.; – permissible limits.
The presented mathematical models advantageously provide a formal description of the interaction processes among collaborative robots in a production setting, considering unpredictability and incomplete observability. This enables the prediction of system behavior across many scenarios and the optimization of the robot's action strategy to attain a balance between efficiency and safety. The proposed models facilitate numerical simulations, hence streamlining the verification and enhancement of control algorithms prior to their implementation.
Generalized Simulation Procedure
The overarching simulation technique for modeling the interactions of collaborative robots within a manufacturing setting with POMDP is delineated by the subsequent sequence of actions:
	1. Acquiring input data. Identifying the collection of states, actions, and observations; the quantity of episodes; the duration of the simulation; and the discount factor.
	2. Simulation. Formulate a state transition model, an observation model, and a reward function that considers performance, latency, energy consumption, and risk. 
	3. Initiating an episode loop. At the commencement of each episode, an initial state is established, and the prize counts are reset. 
	4. Implementation of the episode's steps. At each stage, the policy (in the fundamental form randomly) selects an action, subsequently generating a new state in accordance with the transition model. The observation-measurement approach computes an instantaneous reward, which is then discounted and incorporated into the total, with all data recorded in the log. Upon reaching the horizon, the cumulative reward is documented, and the episode's trajectory is incorporated into the outcomes archive. 
	5. Conclusion of the episode. 
	6. Results Visualization. Using the matplotlib toolkit, we generate graphs that depict total rewards per episode and instantaneous rewards for the chosen trajectory.
The suggested simulation and numerical modeling program based on POMDP enables the replication of uncertainty in the interactions of collaborative robots and the simulation of realistic production situations. The use of a partially observed model facilitates the effective analysis of incomplete sensor data and the impact of observational interference, so aligning the simulation more closely with real-world conditions. Such an approach enhances the precision of control policy assessment and aids in the optimization of safety and productivity within the production environment.
The suggested simulation is executed in the Python environment, noted for its flexibility, syntactical simplicity, and extensive libraries for mathematical modeling and machine learning [33-35]. The Python environment offers robust integration with tools for managing extensive data sets, conducting statistical analysis, and visualizing outcomes, which is crucial for simulations in intricate production contexts. Moreover, a vibrant community of developers and the accessibility of pre-existing solutions facilitate the rapid prototyping and customization of algorithms to meet the demands of Industry 5.0 [36-38].
Results and Discussion
Analysis of the impact of reward parameters on the behavior of collaborative robots
The objective of the initial experiment is to ascertain the impact of modifying the weights in the reward function (delay, energy consumption, risk, collisions) on the decision-making policy and the system's overall performance. It is essential to develop a balanced strategy that effectively integrates safety, speed, and energy efficiency in a production setting. Figures 1 and 2 illustrate the acquired simulation results.
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	Fig. 1. Total Discounted Reward by Reward Weights
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	Fig. 2. Safety Metrics by Reward Weights



Numerical result (average data over 200 episodes):
– Safety-heavy: average total reward ≈ 20.66,  ≈ 19.27; average k-th: risk steps ≈ 8.06, collisions ≈ 2.69;
– Balanced: average total reward ≈ 34.60,   ≈ 16.03; risk steps ≈ 8.06, collisions ≈ 2.69;
– Throughput: average total reward ≈ 51.72,  ≈ 17.76; risk steps ≈ 8.06, collisions ≈ 2.69.
The analytical conclusion indicates that augmenting the emphasis on production while diminishing risk and collision penalties propels the policy towards more assertive conduct and enhances the anticipated overall payoff. In the baseline scenario, the policy mostly relies on observations rather than weights, resulting in little change to the average safety metrics. This signifies that it is the evaluation of outcomes that truly alters, rather than the occurrence rate of hazardous events. Qualitatively, the result indicates that the equilibrium between "productivity ↔ safety" is regulated via the reward function and necessitates supplementary constraints (POMDP) to ensure safety.
Assessment of the stability of control policies under changing conditions of partial observability
The objective of the second experiment is to evaluate the impact of varying degrees of sensor interference or observational restrictions on both instantaneous and cumulative rewards. This study is essential to assess the algorithm's reliability under uncertain conditions and to modify the system for real-world production scenarios, where environmental information is perpetually inadequate. The simulation outcomes are illustrated in Figures 3 and 4.
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	Fig. 3. Mean Total Rewerd vs Observation Noise
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	Fig. 4. Safety Metrics vs Observation Noise



Numerical result (average data over 200 episodes, fixed Balanced weights):
– Noise 0.1: total reward ≈ 36.65,  ≈ 15.69; risk steps ≈ 7.91, collisions ≈ 2.66;
– Noise 0.3: total reward ≈ 38.96,  ≈ 16.12; risk steps ≈ 7.88, collisions ≈ 2.43;
– Noise 0.6: total reward ≈ 42.38,  ≈ 16.38; risk steps ≈ 7.87, collisions ≈ 2.18.
Analytical conclusion: in a streamlined action policy, heightened noise interference homogenizes observations to a quasi-uniform condition, resulting in a more frequent selection of the go action and, thus, an increased incidence of entering the work state. Consequently, the overall benefit escalates, and the average collisions diminish slightly. This effect is paradoxical and demonstrates the system's sensitivity to the framework of the expedient action policy. In a more pragmatic action policy that actively addresses risk factors, heightened noise interference should diminish quality and elevate hazards.
The conduct seen in both tests indicates that the results are predominantly influenced by the configuration of the expedient action policy and the structure of the reward function.
Conclusion
The suggested stochastic model for collaborative robot interaction in a production setting, utilizing POMDP, enabled us to examine the effects of observation uncertainty and stochastic state transitions on decision-making efficiency. The simulation demonstrated that altering the weights in the reward function substantially influences the equilibrium between productivity and safety, enabling the formulation of a behavioral policy aligned with production priorities. The analysis of interference levels in observations revealed the system's heightened sensitivity to data reliability. This validates the necessity to enhance the processes for updating the probabilistic state in the production environment. The findings suggest that POMDP utilization fosters adaptable management opportunities. Nonetheless, in the absence of risk restrictions, the system may adopt aggressive behaviors in response to changing situations. The trials demonstrated the stability of average indicators under different parameters, hence affirming the validity of the suggested model structure. Qualitative investigation validated that the methodology effectively represents genuine issues in the production environment, particularly those related to insufficient information and conflicting objectives. The model demonstrated the potential for integration with state-based planning algorithms, to enhance the precision of risk prediction. The presented technique illustrates the potential of employing POMDP to formulate strategies for secure and efficient robotic interaction inside the Industry 5.0 framework. Subsequent research may focus on the integration of limited POMDPs for risk management, the use of point-based value iteration techniques, the utilization of neural networks to approximate optimal control strategies, and the expansion of the model to multi-tiered scenarios involving human engagement.
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